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1. Introduction 



In 2+1D the only massless bosonic propagating degrees of freedom are scalars. The 
restrictions on the moduli spaces of supergravity theories in 2-f-lD have been classified six 
years ago in [|l]. For higher than M = 4 supersymmetries, these moduli spaces must be of 
the form F\G/K, where G is an appropriate non-compact group, K is its maximal compact 
subgroup and V is a discrete subgroup of G. Compactifications of M-theory provide a 
concrete realization of such theories and Y is identified with the group of dualities. Thus, 
M-theory on T 8 realizes the Af = 16 E 8{8) / SO (16) moduli space of @ and E 8 (Z) is the U- 
duality group 0. Similarly, M-theory on K 3 x T 4 realizes the SO(24, 8)/(50(24) x 50(8)) 
moduli space and SO(2A, 8, Z) is the group of dualities 

One of the exciting recent developments is the physical interpretation of certain sin- 
gularities in the moduli-space p-|lO|l. In general, the assumption of a free theory at low- 
energies breaks down when the theory is at a singular point in moduli space. A theory 
with Af = 8 rigid supersymmetries in 2+1D can have a singular point of the form IR 8n /r, 
where V is the Weyl-group of a certain Lie-algebra g of rank n. The low-energy descrip- 
tion is then a strongly interacting conformal field theory. It is defined as the IR limit of 
2+1D Super- Yang-Mills with the Lie-algebra g. The low-energy description of theories 
with Af = 4 rigid supersymmetry at singularities is more complicated ]8|-[1(J • For a single 
vector multiplet it has been classified in In 3+1D singularities of the moduli space 
can be connections with another phase ||. In 2+1D, singular points in moduli space of 
the form IR 4 /r are always connections with another phase (in all known cases). 

One of the main motivations for the present work is to explore new phases of 2+1D 
gravity. One direction towards this goal is to study the singularities of the moduli space 
of the theory. The simplest moduli space of an Af = 4 supergravity theory is obtained 
by dimensional reduction of pure Af = 2 supergravity from 3+1D down to 2+1D. The 
classical moduli space is the homogeneous space Y c i\SU{2, 1)/(SU(2) x U(l)) where T c i 
is a discrete subgroup (this moduli-space was introduced in [[T2|4T4]] ). The classical moduli 
space cannot encode the existence of other strongly-coupled phases. However, we will see 
that the structure of the moduli space might allow a consistent extension of T c i to a U- 
duality group V. The extra dualities relate weak coupling to strong coupling and cannot 
be seen classically. The moduli space T\SU(2, 1)/(SU(2) x £7(1)) has several singularities 
of the form IR 4 /ro where Tq is a finite subgroup of V. A 2+1D supergravity theory with 
such a moduli space will most likely have another phase emanating from these points in 
moduli space. In the other phases, the original coupling is stabilized. 

To make the discussion more concrete we will construct a particular compactification 
of M-theory which realizes the moduli space SU (2, 1) / (SU (2) x U(l)) (at least classically). 
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In fact, using what we know so far about M-theory, we can realize many of the other moduli- 
spaces found in [|l] and hope to study their discrete duality groups. The compactification 
that we will use is similar in spirit to the compactifications presented in [|T5|- T9f| and is 
obtained in two stages as follows. We start with a 3+1D vacuum of M-theory with M = 8 
supersymmetry. We can think of it as M-theory on a certain T 7 , but we pick a very special 
T 7 (and fluxes) which make it a fixed point of the U-duality group EV(Z). Since U-duality 
is a discrete gauge symmetry, we can now compactify down to 2-flD on S 1 with a U- 
duality twist. For an appropriate choice of the twist, we can preserve the desired amount 
of supersymmetry. The cases in |l[] with more than M = 4 had M = 5, 6, 8, 9, 10, 12, 16 
supersymmetries. We will construct examples which realize the cases M = 10, 12 and 
some new cases with M = 8. Given a particular U-duality element u G -EV(Z), we can 
imagine two ways of using it to compactify M-theory down to 2+1D. One way is to mod 
out by u in 3+1D and then compactify on a circle. The second way is to leave the 3+1D 
limit intact but compactify on a circle with a twist. The advantage of the second kind of 
compactification is that we can be sure that no extra moduli come from "twisted sectors." 

As this work was in final stages, I found out that similar ideas have been put forward 
in [^DJ (referred to in |2l[]).0 These papers discuss the universal hyper-multiplet in 3+1D 
and the discrete group Y was studied in f2Cj . Although the setting in the present paper is 
physically different, the mathematical details are probably equivalent. 

Furthermore, recently a paper appeared on the net |22[] that presents a very compre- 
hensive study of the moduli spaces of theories obtained via U-duality twists. In |2!| only 
D > 4 dimensions were studied, but some of the examples presented in sections (2-3) of 



this paper are only a special case of 22 



2. U-duality twists 



The compactifications that we will study are a special case of [15-19] and are of the 



following form. Start with M-theory on T d which has the moduli space of, 

M d = E d {Z)\E d(d) (M)/K d , 

where K d is the maximal compact subgroup of the non-compact E d ^ (IR) . The U-duality 
group T d = Ed(Zj) is, in general, not a symmetry of the compactification since it maps one 
point in Ed(d) (H) to another. If T d were acting freely, the U-duality group would not have 
been a symmetry at all. It would merely be the first homotopy group of M. d - However, 



I am grateful to N. Seiberg for pointing out both these references. 
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Td is not acting freely and for a given u G E d (Z), there can be points in E d / d ^ (H) /K d 
which are invariant under u. For example, for 9+1D type-IIB compactifications, if A is the 
complex dilaton and u is the generator of S-duality which maps A — > — 1/A, then A = i is a 
fixed point of u. At A = i the element u is an actual symmetry which acts non-trivially on 
the states. Furthermore, it is a gauge symmetry because it can be related to a geometrical 
rotation after compactification on a further S 1 and mapping type-IIB on S 1 to M-theory 
on T 2 . This situation is true in general. An element u G Y d is a gauge symmetry when the 
moduli of M-theory on T d are derived from a point in E d ^ (JR) / K d which is fixed under 
u. 

Now suppose we take a point p G E d ^ (H) / K d which is invariant under u and then 
take M-theory on T d with the moduli corresponding to the point p. Because u is a gauge 
symmetry, we can compactify on an extra S 1 with a twist of u. This means that if S 1 is 
very large, after completing a full revolution around S 1 any local state will turn into its 
M-dual. 

Similarly, we can take a base T d and d! U-duality twists ui, . . . , u d i that commute with 
each other, and then compactify (M-theory on T d ) further on T d to get a compactification 
down to (11 — d — d'). The next task would be to determine how much supersymmetry is 
left by such a twist. 

2.1. Supersymmetry 

Part of the U-duality group is actually the geometrical SL(d, Z) symmetry. If all the 
twists are in SL(d) then the compactification is just M-theory on a (d + cf)-dimensional 
manifold and the holonomy group of the manifold, which is generated by Mi, . .. ,u d ' G 
SL(d) will determine the amount of supersymmetry. Sometimes, the group generated by 
Mi, ... , u d i is not in any SL(d) subgroup of T d , but after compactification on an auxiliary 
S 1 (unrelated to the S 1 in the discussion above) and after conjugation by an element of 
the (d + 1) -dimensional U-duality group T d +i, all elements Mi, ... , u d i can be made to lie 
inside the geometrical SL(d + l). This statement is actually a special case of the technique 
of jnj used to find generalizations of F-theory. A simple example of this statement is 
the U-duality group SL(5, Z) for M-theory on T 4 which is not entirely geometrical but 
after compactification on another S 1 it can be conjugated inside SO (5, 5, Z) to become the 
geometrical SL(5, Z) of M-theory on T 5 (see |17| for further details). 



Before we determine the amount of supersymmetry left by the twist in the general 
case, let us find the fixed points. For simplicity we will take d' = 1. A fixed point is 
characterized by elements, 

geE d(d) (M), keK d , 
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such that 

u o g = g o k. 

To determine the unbroken supersymmetries we need to know how u acts on the spinors. 
The spinors are in a 2 r -dimensional representation of For d = 8 they are in the (16, 2) 
of 50(16) <g> SO(2, 1). For d = 7 they are in the (8, 2) + (8, 2') of SU{8) <g> 50(3, 1). For 
<i = 6 they are in the (8, 4) of Sp(4) ® 5(3(4, 1) (with an extra reality condition since both 
the 4 of 5(3(4, 1) and 8 of Sp(A) are pseudo-real). Since u is conjugate to k e 7Q it is easy 
to check that the fraction of unbroken supersymmetry is l/2 r where / is the dimension of 
the eigen-space of k = g~ x ug (in the relevant representation of K^) with eigenvalue 1. For 
d = 7 we have Kd — SU(8). Thus, to preserve at least \ of the supersymmetry, k = g~ x ug 
must be in an SU(6) subgroup of 577(8). 

2.2. Counting moduli 

Let us now specialize to the case d + d' = 8. The compactification is down to 2+1D 
and we want to count the number of remaining moduli. Let us denote by Greek letters 
(//, v, . . . = 0, 1, 2) space-time directions, by small English letters (a, 6, . . . = 3, . . . , d! + 2) 
the directions of the base T d ' and by capital English letters (A, B, . . . = d! + 3, . . . 10) the 
local directions of the fiber T d . Also, g denotes the metric and C the 3-form. The counting 
proceeds as follows: 

d' ((jf -1-1) 

1. There are — ^ — - moduli for the metric g^. 

2. There are d' moduli for the duals of the vectors g^ a . 

3. There are d '( d, -i)(<*'-2) modu ii for Cabc . 

4. There are d ( ' d 2 ~ 1 ' > moduli for the duals of the vectors C^ a b- 

5. We need to know n s , the number of scalar moduli of M-theory on T d that are preserved 
by the twists. 

6. We need to know n v , the number of vectors of M-theory on T d that are preserved by 
the twists. We then get (d' + l)n v moduli in 2+1D if d! > 1. The extra one is the dual 
of the vector in 2+1D. When d = 7 and d! = 1 we get just n v and not 2n v , because 
n v counts electric and magnetic duals twice. 

7. For d < 5 we need to know how many tensors ut of M-theory on T d are preserved. 
We then obtain d (,d 2 ~ 1 ' > nr moduli of the form T a b and d'nx moduli which are duals of 
T afl . For d = 5 and d! = 3 we get only 3ut because we count electric- magnetic duals 
twice. 

8. We will not consider cases d < 3 here. 

Now let us specialize to d = 7 and d' = 1. To count the surviving scalar moduli, 
n s , we decompose E 7 under 577(8) C E 7 . The 70 scalar moduli are in the irreducible 
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representation, 70, of 577(8). This representation is real and can be represented as the 
space of the anti-symmetric 4-forms. We need to know how many eigenvalues of 1 the 
element k = g~ x ug possesses in this representation. To count the vectors n v we need to 
know how many eigenvalues of 1 appear among the eigenvalues of k in the representation, 
28 + 28, of the vectors. 

In the general case of modding out by a U-duality twist, as studied in fl8[j , one cannot 
tell, at present, whether there are more moduli that cannot be obtained by simply reducing 
the spectrum of M-theory on T d . For example, if we counted the number of vectors of 
M-theory on T 4 /Z2 by reducing the spectrum of M-theory on T 4 we would not get the 16 
blow-up modes. This Z2 was a subgroup of SX(5, Z) and it is hard to tell what happens for 
twists which do not even have a weakly coupled string-theory limit. On the other hand, in 
the special cases that we study, one can be sure that there are no new moduli, since for a 
large T d there is no singularity and the classical approximation is good. As an example, 
if we compactified M-theory on T 4 further down on S 1 with the same Z2 twist as above, 
we would have got a smooth 5-manifold with SU(2) holonomy. It gives a 5+1D vacuum 
with Af = (1,1) supersymmetry and only 8 vectors with an, 

SO(4, 4,Z)\SO(4, 4, M)/(SO(4) x SO (4)), 

moduli space. This is in contrast to compactifying M-theory on T 4 /Z2 further down on 
S 1 with the, 

SO(20,4,Z)\SO(20,4,1R)/(SO(20) x SO (4)), 

moduli space. 
3. Examples 

We now turn to a few examples. We will start with the cases in 5+1D and then 
proceed to 2+1D. Note that only the cases with M = 8, 16 in 2+1D can conceivably be 
(untwisted) toroidal compactifications of a 3+1D model. 

3.1. Examples in 5+ ID 

We start with M-theory on T 4 and compactify down on S 1 with a U-duality twist that 
preserves half the supersymmetry. The U-duality twist is conjugate to an Sp(2) element. 
Any element in Sp(2) is conjugate to an element in an SO(4) subgroup. Thus the element 
u is conjugate to a geometrical twist. This does not necessarily mean that all twists are 
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geometrical since there might be two elements u\ and w 2 which are conjugate in 5L(5, IR) 
but non-conjugate in 5L(5, Z). 

The twist can now be represented as e ia e U(l) C SU(2) C SO (4). The particular 
embedding is such that the fundamental 4 of 50(4) becomes two spinors of SU(2). The 
possible values of a are, 

7T 7T 27T 

a= 3' 2'T' 

The possible geometrical twists are thus as follows (up to conjugacy in 5L(4, R)): 

1. We can twist by the Z 2 acting on all 4 directions of a generic T 4 . 

2. We take a special T 4 which is a product T 2 x T 2 and each T 2 has a complex structure 
which is fixed to one of the values 

r = e 2 , e s . 

We determine the number of vectors in 5+1D as follows. Let I,J,K,... denote di- 
rections inside T 4 and let 6 denote the direction of the extra S 1 . /J,, v, . . . denote 5+1D 
space-time directions. The dual of the 3-form of M-theory and the graviton field g^Q give 
rise to two vectors in 5+ ID. The vectors of the form C^i and the form g^j do not survive 
the u- twist. The number of vectors of the form C^u which survive the u- twist is equal to 
the dimension of the invariant subspace of u in 6 of SO (A). This number is 6 if we have a 
Z 2 twist, and is 4 for the other cases. The moduli space is, 

r\£0(4,4,R)/(S0(4) x 50(4)), 

in the case of the Z 2 twist, and is, 

r\S0(4,2,R)/(S0(4) x 50(2)), 

in the case of the special twists. Compactifying these models to 2+1D gives examples of 
theories with moduli spaces, 

r\50(8,8,R)/(50(8) x 50(8)), 

and, 

r\50(8,6,R)/(50(8) x 50(6)), 

respectively. 



6 



3.2. Examples in 2+ ID 

We now turn to a few examples in 2+ ID. We start with M-theory on T 7 and compact- 
ify on S 1 with a twist u G _EV(Z). We saw in the previous section that to preserve M = 2r 
supersymmetries in 2+1D, we need a twist u which is conjugate in Ef^(JR) to an element 
k C SU(8) with exactly r eigenvalues of 1. In the classification of there are also cases 
with M = 9 and M = 5. They cannot be realized by the kind of compactifications we are 
studying. Returning to M = 2r, we will calculate the number of moduli k = 2 + n v + n s 
in each case. Two moduli are the radius A of the circle and the 2+1D dual $ of the 
graviton g^s where 3 is the direction of the circle. n v is the number of 3+1D vectors of the 
compactification of M-theory on T 7 which are left invariant by u and n s is the number of 
scalars which are left invariant. 

It is also interesting to check whether the twist can be realized geometrically or not. 
If the twist is realized geometrically u must be in an SO (7) C SU(8) subgroup. The 
embedding of SO (7) is such that the fundamental 8 of SU(8) becomes the spinor 8 of 
SO{7). We can embed it as SO (7) C SO (8) C SU(8) where the first embedding is such 
that the vector 8„ of SO (8) becomes 7 + 1 of 50(7) and the second embedding is such 
that 8 of SU(8) becomes the spinor 8 S of 50(8). Given an element g G 50(8), its matrix 
in the vector representation 8„ can be brought into a block diagonal form with four 2x2 
blocks of the form, 



cosai smai 
— sina,- cosa,- 



-7T < ai < 7T. 



The quadruple (a\, a^-, ot%, cx-a) is determined up to permutation and up to a change 
in sign, 

(ai, a 2 , as, a 4 ) — > {e 1 a 1 ,e 2 a 2 , e 3 a 3 , e 4 a 4 ) e» = ±1, [ J ' , 1 • 

The matrix of g in the spinor representation 8 S has a similar representation with a quadru- 
ple . . . , Pi) where 

a\ + a 2 + as + a 4 

Pi 
fa 

(3.1) 

fa 



0. 



4 





2 




a\ + a 2 




as — ct 4 




2 




a\ — a 2 




as + a 4 




2 




a\ + a 2 




as — ct 4 



2 

(modulo 2tt). There is of course the ambiguity of tt in each phase. Now, if an element of 
SU(8) is really an element of 50(8) then all the eigenvalues of the matrix which represents 
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it in 8 of SU(8) must come in pairs of e ±iai for some 4 phases In addition, if it is an 
element of SO (7) in the above embedding then it must be that one of the is 0. Thus, 
the condition that a twist u is geometrical is that the eigenvalues of u, as an SU(8) matrix, 
are of the form (for a particular choice of labeling of the eigenvalues), 

e ±ia % i = l... 4, e l £t Q *=l. 

It is also interesting to check if u can be represented as a T-duality element of type-IIA or 
type-IIB on T 6 . In this case u must be in the, 

50(6) ® 50(6) ~ SU(4) <g> 5*7(4) c SU(8), 

subgroup of SU(8) which means that it must be possible to group the 8 eigenvalues in two 
groups of 4 such that the product in each group is 1. 

Finally, in each case listed below, we will identify the eigenvalues of u as an SU(8) 
matrix. We will not attempt to find a g G £7(7) (H) such that gug~ l G E 7 (Z) but we will 
check that the characteristic polynomial det(xl — u) in the representation, 28 + 28, of 
SU{8) has integer coefficients. 

Cases with Af = 12 super symmetry: 

u G SU(8) must have 6 eigenvalues of 1. The other two eigenvalues of k must be e ±t0 , 
and k G £7(1) C 577(8). The possible values of 9 are determined by the requirement that 
in the representation 56 of SU(8), the characteristic polynomial, det(xl — k), should be 
integral. It is easy to calculate, 

det(x/ -k) = (x- l) 32 (x - e ld ) 12 (x - e~ 10 ) 12 . 

56 

This leaves the possibilities, 

d= r 2' T' 7r ' 

The number of vectors n v is determined by decomposing 28 + 28 of SU(8) under U(l) C 
SU(8), 

28 + 28= 12(l_i) + 12(l+i) + 32(l ). 

which leaves us with n v = 32. This number counts a vector and its dual separately. As for 
n s , we need to decompose the representation 70 of SU(8) under £7(1) C SU(8). We find 
that, 

7O = 30(l o ) + 20(l+i) + 20(l_i). 
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This leaves us with n s = 30. Altogether, the moduli space has dimension, 



2 + n s + n v = 64, 

which agrees with the entry in table of |1J for M = 12 (repeated in appendix A). 

According to the discussion at the beginning, u is not a geometrical twist, but can be 
put in the form of an 50(6, 6, Z) T-duality twist. 

Cases with M = 10 super symmetry: 

This time u G 577(8) has to have exactly 5 eigenvalues of 1. Let the other eigenvalues 

be 

e iai , e lQ2 , e ia3 , a x + a 2 + a 3 = 0. 
The characteristic polynomial in 28 + 28 of SU(8) is, 

det(xl-fc) = (x-l) 20 P(x) 6 , 

56 (3.2) 

P(x) = (x- e iai )(x - e~ iai )(x - e ia2 )(x - e~ ia2 )(x - e ia3 )(x - e~ ia3 ) 

This polynomial has integral coefficients only in the the following cases, listed up to 
an S3 permutation and up to an overall minus sign (replacing k by which clearly does 
not make any difference) 



at a 2 a 3 \ _ (\ 2 4\ /ll 4\ /l 2 3\ A 1 2\ /111 
2? 2^' 2^J ~ 1 7' V 7 J ' U'6'6j' U'6'6]' V 4' 4' 4 J ' U'3'3 



(3.3) 



Since w G S'L r (3), to determine n v and n s we have to decompose the appropriate represen- 
tations of SU(8) under 5*7(3) C 5*7(8). 

28 + 28 = 20(1) + 6(3) + 6(3), 

(3.4) 

70 = 10(1) + 10(3) + 10(3). 

Thus, in all cases above, n v = 20 and n s = 10. Altogether, n v + n s + 2 = 32 as expected 
from the table in appendix (A). 

Again, all of these twists are not geometrical but can be represented as 50(6, 6, Z) 
T-duality twists. 

Cases with Af = 8 super symmetry: 

We denote the four eigenvalues of k which are not 1 by, 



j = 1 . . . 4, S2 oij = (mod 4). 
9 



The characteristic polynomial in 28 + 28 of SU(8) is, 

) 12 P(x) 4 0'~^ 12 

4 4 



det(xl -k) = {x- l) 12 P(x) 4 Q(x) 12 , 

56 



P(x) = l[(x - e^)H(x - e~^), ( 3. 5) 
l l 

Q(x)= J] ( x -e^ ai+a ^) 

l<i<j<4 



It has integral coefficients for, 



n = 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 14, 15, 16, 18, 20, 24, 30. 



V2^' 2V 2tt' 2tt/ ~ \ 



1 1 1 1\ /l 1 2 2\ /l 1 1 1\ /l 1 3 3\ /l 3 2 2 



2'2'2'2/' V 3' 3' 3' 3 / ' \4 , 4'4'4/' \4'4 , 4 , 4/' \4'4'4'4 



1 2 3 4\ /l 1 1 3\ /l 1 2 2\ A 1 5 5\ /l 2 4 5 
5'5'5'V' V6'6'6'6;' V©' 6' 6' 6^ ' V6' 6' 6' 6y/ ' U' 6' 6' 6 
1 3 3 5\ (\ 1 3 3\ /l 3 5 7\ /l 2 3 4\ / 1 3 7 9 



6'6'6'6y' vs's's'sy' vs's's'sy' vQ'g'g'gy' V 10 ' 10 ' 10 ' 10 

1 5 7 11\ / 2 3 9 10\ (\ 2 4 8\ /l 2 4 8 
12' 12' 12' 12/ ' \12' 12' 12' 12/ ' V15 ' 15' 15' 15/ ' V 15' 15' 15' 15 
1 9 13 17\ / 1 3 7 9 \ ( \ 5 7 11 



20' 20' 20' 20/ ' V20' 20' 20' 20/ ' \ 24' 24' 24' 24 

1 11 17 19\ / 1 17 19 23 

24' 24' 24' 24/ ' V30'30'30'30 

(3.6) 

To calculate n s and we decompose the appropriate representations of SU(8) under 
SU(4) c SU(8). 

28 + 28 = 12(1) +4(4) +4(4) +2(6), 

_ (3.7) 
70 = 2(1) +4(4) +4(4) +6(6). 

In all the cases above, there is no vector of 4 or 4 which is left invariant. Let 21 be the 
number of vectors of 6 which are left invariant under u. This is given by the number of 
pairs of eigenvalues which sum up to zero. In the cases above there are examples with 
/ = 0,1,2,3. Then, 

2 + n 8 + n v = 2 + 2 + 12 + 16/ = 16 + 16/. 

Thus, the moduli space is SO(8,k)/(SO(8) <g> SO(k)) with k = 2,4,6,8. Note that this 
time some of the u listed above can be represented as purely geometrical twists. In fact, 
all the geometrical it's can be represented as elements of SU(6) which means that they 



10 



can be realized as ordinary compactifications of 3+1D models with M = 4 supersymmetry 
on S 1 . This does not mean that all vacua can be represented in this way. In principle, 
there could still be inequivalent elements g G £7(7) (H) such that g~ x ug G E 7 (Z) are not 
conjugate in E 7 (Z) (although they are conjugate in £7(7) (R)). 

There are a few cases which are toroidal compactification of a 5+1D model with 
M = (1,1) supersymmetry. This can be obtained by compactifying M-theory on T 4 further 
down on S 1 with a U-duality twist which preserves half the supersymmetry. These are the 
cases discussed in the first subsection. 



Cases with J\f = 6 supersymmetry: 

In this case we are looking for 5 eigenvalues, 

5 

e ia % J2 a i = ° (mod2n). 
1 

We will not attempt to exhaust all the cases. We will just point out that, unlike the 
previous cases, for Af = 6 there are examples where u cannot be conjugated to a T-duality 
SO(6, 6, Z) element. For example, 

(3.8) 

We confess to not having checked that there really is a U-duality element in £7(7) (IR) which 
conjugates this SU(8) element into an E 7 (Z) element. All we know is that its characteristic 
polynomial is integral. 

3.3. Examples with M = 4 in 2+ ID 

We now present a few examples with Af = 4. 



OL\ Q.2 «3 Ct4 Ct4\ 


=( 1 , 3 . 


4 


5 
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2tt' 2tt' 2tt' 2tt' 2tJ " 


V 11 11 


11' 


11' 
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12 moduli: 

Here is a variant of a model that has appeared several times in the literature. Take 
a base T 2 and a fiber of the form T 6 = (T 2 ) 3 such that each T 2 has r = | + ^i, i.e. 
forms a hexagonal lattice. We also require all the T 2, s to have equal area. Let Z1.Z2.Z3 
be complex coordinates on the three T 2 's, with the identifications, 

1 Vs. 

Zi~ Zi + 1 ~ Zi + - + —1. 
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Let us define the elements ui,u 2 G SU(3) as follows. 

Ui : (Z!,Z2,Z 3 ) -> (wzi, UZ 2 ,UJZ 3 ), 

(3.9) 

where a; = e 2 ?. u\ and S2 preserve the complex structure and the holomorphic 3-form. 
Now we compactify on T 2 with the twists u\ and u 2 in the fiber T 6 as we go along the 
sides of T 2 . The resulting manifold is a 4-fold with SU(3) holonomy. Compactification of 
M-theory on this manifold preserves |-supersymmetry. The remaining moduli are listed 
below. We denote by k holomorphic coordinates and by . . . anti-holomorphic co- 
ordinates, a, b denote directions on the base and /jl, v = 0, 1, 2 are space-time directions. 
Cabc denotes the VEV of the M-theory 3-form. The moduli are: 

1. The shape and size of the base T 2 as well as the dual of the 1-form C a 6 M made out of 
the 3-form of M-theory integrated on T 2 . Altogether this gives 4 moduli. 

2. The volume of T 6 which is one modulus. 

3. The 3-form integrated on the (3,0) and (0,3) cycles, i.e. and Cjxj.- Altogether 2 
moduli. 

4. The moduli of the form and get multiplied by u> and a; -1 respectively under 
the operation of u\ and therefore become massive. 

5. The only moduli of the form Cfj a which are invariant under u\ and u 2 are, 

3 
k=l 

This gives 2 more moduli. We also need to add the dual of J2 k=1 Ckkfi to obtain a 
third modulus. 

6. The duals of the gravitons g Ma give two more moduli. Altogether we have 12 moduli. 
20 moduli: 

We can pick a particular T 6 and an element u G SU(3) such that u 7 = I and such 
that u preserves only the volume of T 6 . To describe u, we start with IR 7 with coordinates 
(xi,X2, • • • , xr) and take uq G Z7 C SO (7) to be the cyclic permutation. Since u$ preserves 
the diagonal direction it is actually in 50(6). Let u be the reduced action of uq on the 
space IR 6 that is orthogonal to the diagonal (1,1,1,1,1,1,1). Its eigenvalues are for 
k = 1, ...6. In the spinor representation 4 of 50(6), its eigenvalues are e^^e^^e^ 1 
and 1. It thus preserves one spinor. To describe T 6 , take the 7 points in IR 7 , 

(1, 0, 0, 0, 0, 0, 0), (0, 1, 0, 0, 0, 0, 0), • • • , (0, 0, 0, 0, 0, 0, 1). 
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They form a 6-plex which is uq invariant. Taking one of these as a base, the vectors to 
the other six are unit vectors of a lattice in H 6 . Its unit cell is the requisite T 6 . Now, 
compactify on a further S 1 with a u twist. It is easy to check that we end up with a 3+1D 
model with M = 2 supersymmetry. The low-energy description has 3 vector multiplets, 
1 hyper-multiplet and a gravity multiplet (containing a graviphoton) . The radius of the 
circle is in a hyper-multiplet so the metric on the vector-multiplet moduli space can be 
calculated for large R and does not get quantum corrections 153]. It would be interesting 



to find a heterotic dual to this compactification, perhaps along the lines of ||15|1 - After 
further compactification to 2+1D we find 20 scalar moduli and k = 5. 



4 moduli: 

We now turn to an example which involves a non-geometrical twist and has only 4 
moduli. This is the example that we will study in detail later on. We start with M-theory 
on T 7 and compactify on S 1 with a twist u G £V(Z). We saw in the previous section that 
to preserve 8 supersymmetries, i.e. M = 4 in 2+1D, we need a twist u which is conjugate 
in £y(7)(]R) to an element k 6 SU(6) C SU(8). In this case the number of moduli will be 
k = 2 + n v + n s . Two moduli are the radius A of the circle and the 2+1D dual $ of the 
graviton where "3" is the direction of the circle. n v is the number of 3+1D vectors of 
the compactification of M-theory on T 7 which are left invariant by u and n s is the number 
of scalar s which are left invariant. 

We now choose k to be the diagonal matrix with eigenvalues, 

( e-,.-.,e- ; l,l). (3.10) 

6 times 

In this way, k is in the center Zg C SU(6). The number of vectors n v is determined by 
decomposing 28 of SU(8) under 577(6), 

28 = 15 + 2(6) + 1. 

Under the 7L§ center, only 1 is invariant which gives us (together with 28) n v = 2. The two 
vectors are electric-magnetic duals. As for n s , we need to decompose the representation 
70 of SU(8) under 5(7(6) C SU(8). We find that, 

70 = 15 + 15 + 40. 

here 40 is made of the anti-symmetric 3-forms and is real. These representations are all 
charged under Zq and therefore n s = 0. 
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The eigenvalues of u cannot be separated into two groups whose product is 1. There- 
fore, the twist is not conjugate to a T-duality twist. This is also obvious from the fact that 
there is no extra modulus which could be a string coupling constant. 

It remains to prove that there actually exists an element u G £V(Z) which is conjugate 
to k above. Let us first note the following. Denote, 

uj = e 3 , u = 1. 

In the representation 56, the eigenvalues of k are as follows, uj appears 12 times, w _1 
appears 12 times, uj 2 appears 15 times, uj~ 2 appears 15 times and 1 appears twice. The 
characteristic polynomial is thus, 

det(xl - k) = (x - u) l2 (x - cj- 1 ) 12 ^ - uj 2 ) 15 (x - uj- 2 ) 15 (x - l) 2 

(3.11) 

= (x 2_ x + 1) 12 (x 2 + x + 1) 15 (x _ 1)2 _ 

It has integral coefficients, as a matrix that is conjugate to a matrix in -EY(Z) should have. 
Note also that the trace is (—1) which means that u cannot be separated into two blocks 
of 28 x 28 and it mixes both electric and magnetic charges. 

In appendix (C), we will construct an example of such a u explicitly. 



4. The classical limit 

In the remaining of this paper we will concentrate on the last example from the 
previous section. This example was the compactification of M-theory on a fixed T 7 further 
down on S 1 of radius A with a U-duality twist that fixes the moduli of T 7 . Most of the time, 
the particular details of the twist will not concern us. The moduli space is a quaternionic 
manifold of dimension 4. We will assume below that it is T\SU(2, 1)/(SU(2) x £7(1)). 
Locally, this is the same moduli space that one obtains from dimensional reduction of 
Af = 2 3+1D supergravity (see jT2] - |T4l1 ) . To see why we could get the same moduli space 



in our case we will first study the classical limit of large radius A. In this limit, we can 
first take the low-energy limit of M-theory on T 7 at the particular fixed moduli, and then 
compactify that 3+1D low-energy action further down on S 1 with a twist. This process 
involves a subtlety which we shall now discuss. 
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4-1. S-duality twists 

The low-energy of M-theory on T has 56 electric and magnetic field-strengths. We 
have seen that the twist along S 1 is not a mere geometrical transformation (otherwise, the 
volume of T 7 would remain a modulus) and it takes some of the charges to their magnetic 
duals. How do we twist an abelian £7(1) theory by S-duality or, more generally, by the 
5X(2, Z) group? This topic was discussed in |24] in the context of the D3-brane partition 



function in F-theory. The result is as follows. Let < £ < 2-k be the coordinate on S 1 . 
To describe the twist, we must allow the gauge field A tl (x, £) to be discontinuous at £ = 0. 
We take the action, 

/ d£d s xF 2 , 



in the bulk, and add to it a 2+1D Chern-Simons-like interaction, 



Y c J d 3 x[aAAdA + 2AAdA' - fA'AdA'}. 



Here 



A„(x) = A M (x, 0), A'^x) = A^(x, 2tt), 



c f, 

tion will make the gauge field massive. The only massless gauge fields which remain are 
those which are invariant under the twist. 



4-2. Classical Kaluza-Klein reduction 

The action of the remaining zero-modes in 2+1D is determined, in the limit A — > oo, 
by dimensionally reducing the classical action of 3+1D. The 3+1D action contains 70 
scalar fields which, after the twist, all become massive. It also contains 56 U(l) gauge- 
fields and their magnetic duals and we have seen that only 2 of them are invariant under 
the w-twist. These two must therefore be electric-magnetic duals of each other. To get the 
2+1D dimensionally reduced action, it is thus enough to start with a 3+1D action of the 
form, 

J d 3 xd^[R(g) + ^H^H^ + JLe^H^H^]. 

Here £ is the coordinate along S 1 , is the 3+1D metric, H is the field-strength of 
the U{1) gauge field and the coupling constant is e. The coupling constant can be 
determined from the fixed point g of u in the moduli space of M-theory on T 7 . Since I do 
not know what g is (in principle there might even be several nonequivalent solutions) we 
will keep it as a parameter. 
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Let us recall the procedure for dimensional reduction to 2+ ID. (see 0). After reduc- 
tion to 2+1D and Weyl-rescaling we obtain a Lagrangian of the form, 



L=J^^R+ J^Ac^A + n 2 A*F^F^ + ^l^d^d^ 

+ J ^gS^H^H^ + ^&F» V F^ + (4.1) 



Here, 



F^u — d^A v — d v A^, 



and is the gauge field coming from the 3+1D graviton. $ is the scalar coming from 
the 3+1D gauge field B^, and = B^ — QA^ is the 2+1D gauge field. A is the radius 
of S 1 (in 3+1D units). We dualize the two gauge fields A^ and B^ into two scalars with 
integral periods. After a change of variables we find a sigma-model with metric, 

1 dh 2 1 

ds 2 = ^{daf + 2$da 1 da 2 + (e 2 A 2 + § 2 )da 2 ) + A— + -^d® 2 . (4.2) 

With the definition, 

2ni 6 . . 

t = t 1 +it 2 = — + — . 4.3 
e z 27T 

The moduli space is subject to the identifications, 

cTi -»• a x - n 3 a 2 + r 2 ~ 1 n 1 - -zT^ X T X n\, 

o 2 — > o 2 + r 2 " 1 n 2 + r 2 nn^, 
$ -»• $ + n 3 , 

Til, n 2 , n 3 G Z. 

The two coordinates d<Ti — <io"2 form a torus T 2 with complex structure, 

r = zeA - $, 

and area, 

A 3 

The target-space metric is Einstein, as required by supersymmetry 0, and satisfies, 

3 

R ab = --g ab , R = -G. 
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(4.4) 



4-3. The symmetric space SU(2, 1)/(SU(2) x U(l)) 



Ignoring the discrete identifications Q4.4| ), for the moment, the moduli space and metric 




given by Qf.2| ) can be identified with the symmetric Kahler manifold SU(2, 1) /(SU(2) x 
£7(1)) (see ||T2| - p^| ). Let us sketch how this works. The exact details are given in appendix 
(D). 

SU{2, 1) can be realized as the subgroup of complex 3x3 matrices M with unit 
determinant, <SX(3, C), that preserve an indefinite form which we take to be, 



J 



The matrices M satisfy M^JM = J. We can think of the space SU(2, 1)/(SU(2) x U(l)) 
as the space of complex directions inside C 3 with the indefinite metric, 

ds 2 = —dzidzs — dzj,dz\ + 2\dz 2 \ 2 . 

We can parameterize the bulk of SU(2, 1)/(SU(2) x U(l)) with two complex coordinates 
zi, z<i with a restriction, 

Re zi > \z 2 \ 2 . (4.5) 
The Kahler function takes the Fubini-Study form, 

K = log(zi + zi -2\z 2 \ 2 ). (4.6) 



The action of an element, 



9n 912 913 
9 = | 921 922 923 I G SU(2, 1) 
931 932 933 



takes the form, 



, , f 9llZl + 9l2?2 + 913 921Z1 + 922Z2 + 923 \ , A „v 

g:(z 1 ,z 2 )^[ , • (4.7) 

\93lZl + 932^2 + 933 931Z1 + 932Z2 + 933/ 

The precise mapping between the variables (oi, a 2 , A) and (z±, z 2 ) is written down in 
appendix (D). Here we will list a few simple consequences. We need to transform the 
identifications (|4.4| ) to the (zi, z 2 ) variables. An identification of the form, 

(o-i, £7 2 , A) ~ (o-i + a, a 2 , A), 
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becomes, 

(21,22) ~ (zi + 4ia,z 2 ). 
Similarly, an identification of the form, 

(01,0-2, $, A) ~ (01, a 2 + a, A), 

becomes, 

(zi, z 2 ) ~ (zi - 2a2 2 + a 2 , z 2 - a), 
and an identification of the form, 

(01, 02, A) ~ (ax - a0 2 , 02, $ + a, A), 

becomes, 

(21, 22) ~ (21 + 2iaz 2 + a 2 , z 2 - za). 

Thus, using ( |4.4[ ), the classical moduli space can be taken as the space of (21,22) £ C 2 
subject to ( |4.5|) and, 

< Im 2 2 < 1, < Re z 2 < r 2 _1 , < Im 21 < 4r 2 _1 . 

It is also important to know what is the region A —>■ 00 in terms of {z\, z 2 ). As we show in 
appendix (D), this is the region, 

Re 21 — |z 2 | 2 — > 00. 

The region (Re 21 — |2 2 | 2 ) — ► is the boundary of the moduli space and is inaccessible to 
classical analysis. 

5. The quantum moduli space 

We have seen that the moduli of dimensionally reduced 3+1D M = 2 supergravity is 
given by, 

M c i=T cl \SU(2,l)/U(2). 
T c i is a discrete group generated by the shifts, 

(21,22) ~ (21 +4zr 2 " 1 ,2 2 ), 

(21,22) ~ (21 + 2r 2 " 1 2 2 + t 2 " 2 ,2 2 + r 2 _1 ), (5.1) 
(21,22) ~ (21 + 2t 2 " 1 t22 + T- 2 ~ 2 | r | 2 > 2 2 + r 2 _1 r). 
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As mentioned above, r could be determined if we knew the moduli at the fixed point. 
After a redefinition z 2 — > T2Z2 and Z\ — > \t2\ 2 z\ we find the generators of these shifts ( fTT] ) 
in SU(2, 1) to be, 

1 4ir 2 

91 = I 1 I , g 2 = I 1 1 I , #3=101 r I , (5.2) 



1 




Note that, 



9i = 9 2 1 9 3 1 9293 



Note also that under r — > — 1/r the classical group is invariant provided we conjugate, 

g^PgP' 1 , 

with, 




What is the quantum moduli space of the theory? In principle there could be two 
kinds of changes from the classical limit to the full quantum result: 

1. The group r c ; could be a subgroup of a larger group V of dualities. 

2. The metric could be corrected, since we only have Af = 4 supersymmetry. 

5.1. Strong coupling 

The classical moduli space SU(2, 1)/U(2) has a nasty infinite volume region as A — > 0. 
It is unlikely that such a singularity remains in the quantum theory. There are two con- 
ceivable ways in which this singularity is resolved. It could be that quantum corrections 
smooth out the moduli-space and in the quantum moduli-space only the classical region 
A — > 00 is non-compact. The other possibility (which is my bet) is that the classical iden- 
tification group r c z is extended to a quantum duality group V. What are the restrictions 
on r? Obviously, V must not contain any element that relates two classical-vacua, that 
is vacua with large A, that are unrelated by r c ^. As is usually the case with strong/weak 
dualities, the extra generators of V must take the weakly-coupled regime A — > 00 to a 
strongly coupled regime of A ~ 1 or A — » 0. 

As an example, let us consider the element with the matrix, 



S 
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For some appropriate O. Let us also set = 1. it is easy to check that S maps the classical 
region A — > oo to A -C 1. For a\ = a 2 = it acts as, 

$ + 2zeA — ► -- — - — -. (5.3) 
$ + 2ieA K ' 

Let r' be the group generated by S together with r c ;. Then, 

rv^(2,i)M2), 

is a good candidate for the quantum moduli space (for an appropriate Q). 

We will discuss the two possibilities, quantum corrections and an extended duality 
group, more in the following subsections. 

5.2. Sources for the quantum corrections 

The first possibility to explore is that quantum effects correct the metric. It is not com- 
pletely clear to me whether mathematically such perturbation of the Quaternionic-Kahler 
structure is allowed. What we are looking for is a metric that preserves the behaviour 
at A —>■ 00 while at the same time does not have singularities which are more nasty than 
ADE, and the portion of the moduli space with bounded A is compact. In [^TJ it was 



shown that the contribution of quantum corrections to the universal hypermultiplet met- 
ric in type-II compactifications on a Calabi-Yau can be absorbed in a redefinition of the 
variables. On the mathematical side, techniques for obtaining quaternionic-Kahler metrics 
have been developed in P3] , |2"5|j .§ It has been shown there that the metric can be encoded 
in a single analytic function (denoted by £ +4 ). We will not attempt to study the possible 
deformations to the metric in this paper. Below, we will list a few possible sources for 
quantum corrections. My bet is that these quantum corrections vanish. 

From A 16 terms in 3+1D: 

Toroidal compactifications of M-theory have calculable R corrections PB"| - |3"B] ] . They 
are accompanied by 16-fermion terms with a calculable coefficient [31]. In particular, M- 



theory on T 7 has such a 16-fermion term, although it has not been calculated explicitly. 
Unless the coefficient vanishes at the particular point in moduli space in which we are 
working, it could correct the metric as follows. Once we compactify on S 1 , most of the 
fermions will not be invariant under the twist u and will acquire a mass of order 1/A 
in 3+1D Einstein units. In 2+1D, after Weyl-rescaling the mass becomes 1/A 2 . M = 4 



I am grateful to A. Strominger for pointing out these references. 
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supersymmetry in 2+1D permits 4-fermion terms. Starting with a A term in 3+1D we 
get a A 4 term if 12 fermions get a mass. 

From charged particles in 3+1D: 

In principle we can get terms which behave as e _rnA_l< 5 <i ' from particles with mass m 
and charge Q under the surviving U(l) gauge field in 3+1D. We can get an instanton by 
letting the particle have a Euclidean world-line around S 1 . There are also similar terms 
from the monopoles. In appendix (B) we show that such a particle is |-BPS and not |- 
BPS. Such a particle has 28 zero-modes corresponding to the broken supersymmetries. We 
will show in appendix (B) that 4 of the zero modes are invariant under u while the other 24 
transform with a phase and hence get a mass of the order of -r after the compactification 
on S 1 . If there were just one particle with the minimum charge we would conclude that the 
quantum corrections are nonzero. However, |-BPS states usually have a large multiplicity. 
For example, to calculate the multiplicity of bound states of D2-branes on T 6 which form 
a holomorphic curve inside T 6 one has to calculate the cohomology H*(Ai) of the moduli 
space of such curves. The net contribution to the instanton term at lowest order would 
be proportional to the Euler number %(.M). Usually, the moduli space M. is singular and 
one has to resolve it before calculating the Euler number. In the case of curves in T 4 the 
Euler number turns out to be zero. It is quite likely that the net contribution is zero in 
our case as well. 



From Kaluza-Klein monopoles: 

We could also make a 2+1D instanton out of a KK monopole with respect to S 1 
which is "wrapped" over the volume of T 7 . If there were no twist, such an instanton 
would definitely exist and its contribution would have been proportional to e~ cR v + ia ^. 
Here, V is the volume of T 7 , in 3+1D Einstein units. (This factor can be calculated 
from the tension of a D6-brane.) However, it is not clear to me what happens to the 
instanton after the twist, for large A, the KK monopole geometry is smooth and has a 
small curvature. Since our twist u was an element of Zg we can build our vacuum by 
modding out of M-theory on T 7 x S 1 where S 1 has a radius of 6A. Now we can actually 
construct a KK monopole solution for T 7 x S 1 and mod that solution out by "Lq. If were 
acting freely, everything would have been fine. The problem is that has a fixed point at 
the center of the KK monopole solution. At that fixed point, the action is a combination 
of the geometrical and a non-geometrical u and it is not clear how to study it. (See 
18(1 for an attempt to use M(atrix) theory ||S| to study such cases.) 



21 



5.3. Extended group of dualities 

We will now discuss in more detail the possibility that the moduli space is, 



T\SU(2,1)/U(2), 

where V D r c ; is a quantum group of dualities. We must first argue that there is a 
way to extend T c i without making any unwanted classical identification and so that the 
dangerous region A — ■> is mapped to the classical region. We will not give a general 
proof, but consider the following argument. Suppose we start with M-theory on T 7 x S 1 . 
We can embed the U-duality group -EV(Z) of M-theory on T 7 inside the U-duality group 
of M-theory on T 8 . We can then find the subgroup V of the U-duality group -E^Z) which 
commutes with the element u of the twist .1 This will be the group that preserves the form 
T 7 x S 1 with T 7 fixed at the special moduli. It is also clear that V acts on SU(2, 1)/U(2) 
which is the moduli space of compactifications of the form T 7 x S 1 with T fixed. V 
also contains r c ; and satisfies the requirement about not making any unwanted classical 
identifications. Thus, if V has elements which map the region A — > to A — ► oo it is a 
good candidate for V. Let us show that this is plausible. It is easier to analyze Eg(/L) if we 
restrict to T 8 's without any fluxes and with right-angles. The subgroup of Es(Z) which 
preserves these constraints turns out to be W, the Weyl group of Es (see p7|). Let the 
radii be R±, . . . , R$. Then W is generated by permutations in S$ and by the "T-duality" 
transformation which takes the radii to, 

^123^ 3 -^l> ^123^ 3 -^2, V 12 ^ 3 Rs, V^R^, ■ ■ -V^Rg, V123 = -R1-R2-R3. 

Let us now perform T-duality on directions (123), then T-duality on directions (456), then 
T-duality on (678), then T-duality on (123), then T-duality on (145), and T-duality on 
(678). We finish with a permutation replacing 6 with 1, to obtain the radii, 



n = R^R- 2/3 R- 2/3 R^R^R- 1/3 R- 2/3 R- 2/3 , r 2 = ^ /3 i?- 2/3 i?- 1/3 ^ /3 ^ /3 , 

_ n-2/3nl/3n-l/3nl/3Dl/3 _ _ pl/3pl/3p p2/3 „l/3 R l/3 
_ _ pl/3pl/3p p2/3 R l/3pl/3 _ _ p-2/3p-2/3p-V3p-2/3p-2/3 

r 7 = R^R^R-^Ry'R- 2 / 3 , r 8 = R^R^R-^R-^R 1 ^, 



(5.4) 



If i?2 = R3 = • • • = Rb = 1) then this transformation preserves T 7 and takes R\ R 1 1 . 
In principle we should analyze this not for a right-angled T 7 but for the T in, say, the 



I have benefited from a discussion with N. Seiberg on this point. 
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example of appendix (C). We believe that the conclusion will be the same, namely there 
exists an extra element in E%(1a) which preserves T 7 and takes A — > to A — > oo. 

Although, mathematically, this V C £?g(Z) has the required properties, it is not 
necessarily a duality in our case. The reason is that we have to make a distinction between 
two different ways of using u G £V(Z) to compactify M-theory down to 2+1D. In case (i) 
we can mod out M-theory on T 7 by u already in 3+1D and then compactify the result 
to 2+1D. In case (ii), which is our case, we compactify from 3+1D down to 2+1D with 
a M-twist. The subgroup V of Eg(Z) which preserves the moduli of T 7 and the structure 
T 7 x S 1 is indeed a duality in case (i). The disadvantage of case (i), however, is that we 
cannot be sure the there are no new moduli from the twisted sectors. In contrast, case (ii) 
cannot be viewed as M-theory on T 7 x S 1 modded out by an element of E&CL). Rather, 
what we really mod out by is an element of Es(Z) compounded with a translation (by 
1/6 of the radius) along S 1 . Not all the elements of V preserve the local operation of 
translation along S 1 . Thus, we cannot be sure that V is a duality. In fact, if we were in 
any dimension higher than 2+ ID we could most likely rule out V as a duality group by 
studying the action on BPS states with momentum along S 1 . In 2+1D U(l) charges are 
confined and there are no BPS states under local U(l) symmetries and so the argument 
fails. 

As an example, let us compare case (i) and case (ii) for a special case in 5+1D. We 
can compactify M-theory on T 4 and then further down on S 1 with a Z2 twist. If we first 
compactify (as in case (i)) on T 7Z2 we can deform to a K3 and we get more moduli from 
the twisted sectors. In case (ii) we do not get more moduli and the vector-multiplet moduli 
space is locally SO(4,4) /(SO(4) x SO (4)), as we discussed in section (2.2) (and see also 
||22j| ). Now we can ask what happens in the limit that the radius of S 1 is kept fixed and the 
volume of T 4 shrinks to zero. In the first case we know from the duality between M-theory 
on K3 and heterotic on T 3 that this becomes the weakly coupled heterotic theory. Now, 
for an appropriate choice of Wilson line along S 1 , the limit A — ► can be mapped to 
the T-dual heterotic string in the limit A — > 00 (replacing E$ x E$ with SO (32)). This 
comes about because the M5-branes wrapped N times on the small K3 x S 1 form light 
bound states which are then interpreted as KK states of the large T-dual dimension. So, 
although in this example A — > is not dual to another point with A — > 00 on the same 
moduli space, it is still a classical limit. Now let us see what happens in case (ii). It is 
likely that the M5-branes wrapped N times on the compact 5-manifold, made by the T 4 
fibered over S 1 with the twist, do not form bound states. To see why this is reasonable, 
let us first compactify the (2,0) at theory of the M5-branes on a small T . To a good 
approximation, we obtain 1+1D SYM with 16 supersymmetries. Now let us compactify 
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this on S 1 with a twist. The twist "kills" 4 scalars and so we are left with 0+1D SYM 
with M = 8 super symmetries. This theory does not have a bound state [38-41]. Although 



the arguments for the bound state might not apply to this case because some of the fields 
are compact, the conclusion is likely to be correct .@ 

5-4- Phase transitions 

Assuming that the moduli space is, 

T\SU(2,l)/(SU(2)xU(l)), 

we can explore the singularities of the moduli space and the possible phase transitions that 
can occur when the moduli of the supergravity theory reach these points. The singular 
points are fixed points of elements of V. An example of such a fixed point is furnished by 
the element S of (|5.3|) that inverts $ + 2ieA at <j\ = o~i = 0. From ( fl7|) it can easily be 
checked that the only fixed point in the region (|4.5|) is at (zi, z%) = (1,0). This corresponds 



to A = 1 and $ = o~i = 02 = 0. It follows that the local structure near that point is IR 4 /Z2. 
This is the same structure as 2+1D Af = 4 QCD with N f = 2 quarks |gg]. The latter 
theory has another phase emanating from the singularity. Close to the singularity the 
structure of the other phase looks like IR 4 /Z2 [§. It has 3 compact parameters which 
parameterize 50(3) and 1 non-compact parameter < p < 00. We expect the same 
structure for small p in our case as well. At the singular point A = | and $ = <j\ = 02 the 
low-energy physics is described by a conformal theory whose moduli space is R 4 /Z 2 . At 
low-energies the coupling to gravity can be ignored and since QCD with Nf = 2 quarks 
(or its mirror ||10|| ) is the only CFT which we know to possess this kind of singularity, 
it is natural to suspect that our supergravity theory is described at low-energies, at this 
particular singular point, by the same theory. 

We therefore conclude that there is another phase of supergravity emanating from 
that point. At the other phase the original supergravity variables A, $, a±, 02 are massive 
but instead we get 4 new moduli. One of them is p. We only know the structure of the 

1 /2 

moduli space of the other phase near p = 0. For p of the order of M p , gravity mixes 
with the CFT again. We know from JIJ that the moduli space has to be quaternionic. 
It is plausible that in the limit p 00 (assuming the moduli-space of the other phase 
is non-compact) the description of the low-energy modes of the theory becomes classical 
again, but with a totally different description. 



I have benefited from discussions with S. Sethi on this point. 
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6. Discussion 



In the first part of this paper we have studied compactifications of M-theory with U- 
duality twists. We have seen that many moduli spaces from the list of |I] can be realized 
in this way. We have then proceeded to study a particular realization of M = 4 2+1D 
supergravity. We have given arguments for the existence of a particular twist with an 
isolated fixed point and which preserves | of the supersymmetry. We have given the 
explicit form of the twist u in SU(8) C -EV(IR) and we have shown that its characteristic 
polynomial has integral coefficients. In appendix (C) we will construct it more explicitly. 

We conjectured that the moduli space of this theory is given by T'\SU(2 1 1)/U(2) 
where the discrete U-duality group V is an extension of the classical discrete group Y c i 
by a particular S-duality element. The quantum moduli space has singular points. We 
conjectured that the low-energy modes at the singular point in moduli space are described 
by the only known 2+ ID conformal field-theories [|IU| with these types of singularity. We 
concluded that other phases emanate from these points. These conjectures rest on the 
assumption that quantum corrections do not modify the local structure of the moduli 
space. 

In case the new phase does exist, it is an open problem whether the moduli space of 
the new phase is compact or not. If it is non-compact then far away from the singularity 
it might be described by a "classical limit" of some sort. Perhaps the theory grows more 
dimensions, perhaps it becomes a weakly coupled string theory, or perhaps it becomes a 
completely new classical limit which we have never encountered before. 

Looking farther ahead, it would be interesting to understand "where" the new phases 
of gravity discussed in this paper "sit" with respect to the more exotic phases of gravity. 
These are the topological phase described in |4(]] and the phase with {g^ v ) = suggested 
in H7 
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Appendix A. Quick review of 2+1D moduli spaces 

The results of |1J , for more than M = 4 supersymmetries, were summarized in the 
following table (extracted from table (3) of JIJ). 
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M 


Dim 


G/K 


16 


128 


E 8(+8) /SO(16) 


12 


64 


£ 7( _i4)/(SO(12)<g>SO(3)) 


10 


32 


£ 6( _ 12) /(SO(10)®SO(2)) 


9 


16 


F M _ 20) /SO(9) 


8 


8A: 


SO(8,k)/(SO(8)®SO(k)) 


6 


8k 


SU(8,k)/S(U(4)®U(k)) 


5 


8k 


Sp(2,k)/(Sp(2)®Sp(k)) 



Here M is the number of supersymmetries, "Dim" is the dimension of the moduli 
space and G/K is the local form of the moduli space. 

For the case of M = 4 the moduli space has to be quaternionic. For a 4-dimensional 
manifold this means that the curvature satisfies, 



= Rijkl + -\fgRij mn £mnkl + 9ik9jl — 9il9kl + yfgtmnkl- 

Appendix B. The fixed point of the U-duality element 

In section (3), we needed a U-duality element u G E 7 (Z) and an element g G £7(7) (M) 
and k G SU(8) such that, 

gkg' 1 = u, 

and the eigenvalues of k are, 

( e^,...,e^ ,l,l). (B.l) 

6 times 

In this section we will make some observations on such a u, independent of a particular 
realization. We will start by finding the charge in M-theory on T 7 that is fixed by u. In 
particular, we wish to know how much SUSY the corresponding charged particle preserves. 
We start with preliminaries. 

B.l. Central charge formula for M-theory on T 7 

The central charge formula for M-theory on T 7 has been explained in |J. The SUSY 
charges are in the representation, 

(2, 8) + (2, 8), 

of SO(3, 1) x SU(8). The charge is a vector q in the representation 56 of E 7 (1R). The 
central charge Z is a vector in the 28 + 28 of SU(8) C -EV(IR). We pick a map T from 56 
of Ej to 28 + 28 of SU{8). The map is required to satisfy, 

ToO = OoT, O G SU(8) C -EV(IR) 
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Let g be a representative of the E 7 (fil)/ SU(8) point corresponding to the moduli, g is 
defined up to g — > gfl with O e 577(8). The relation between the central charge and the 
charge vector is, 

Z = Tg-'q. 

B.2. Number of unbroken super symmetries for BPS states 

Now suppose a state has a central charge matrix of Z. What is the maximal number 
of supersymmetries that it can preserve? Z can be thought of as an 8 x 8 antisymmetric 
matrix. The representation 28 + 28 is made from Z and Z*. So now we can write the 
commutation relations, 

{Qia,Q^} = V£/3 P M> 

{QioL, Qjp} = Zijtap, (B.2) 



As a Matrix this is, 






E5-- 

\-z- 3 






Zij 

Ed-. 

13 



-Z^ 








o J 



The columns and rows are in the order ij , 2j, lj, 2j We define the 16 x 16 Hermitian matrix, 

A = 



E5-. 

13 



-Z 



ES i3 



EI 

-Z 



EI 



and also, 



The 32 x 32 matrix becomes, 



B = 



EI Z 
EI 




B 



A 




We need to know how many zeroes A and B have together. Since A is the complex 
conjugate of B it is enough to count the number of zeroes of A. Thus, we are looking for, 



= 



It can easily be checked that the number of supersymmetries that are preserved by the 
state is twice the dimension of the eigen-space of the largest eigenvalue of Z^ Z. What do 
we know about Z? Let g be the fixed point of the U-duality twist u. Thus, 



ug = gk. 
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Let q be a vector of charges which is invariant under u, 

uq = q. 

It follows that, 

Z = Tg~ l q = Tg~ x vT x q = Tk~ x g- X q = k~ x Tg~ x q = k~ x Z. 

This is in the representation 28 + 28. To bring this back to the 8x8 antisymmetric Zij 
we have, 



Taking k as given in ( p.l|) we 



Z = 







z 




kZk 


t 






see 


that Z 


is, 










(° 



































































































































































Z 


Vo 

















-Z 


/ 



Thus, ZZ^ has two eigenvalues of \Z \ 2 and 6 eigenvalues of zero. We see that a BPS state 
with the corresponding fixed charge preserves | of the supersymmetry. Out of the broken 
supersymmetry generators, 24 = 6 x 4 transform under u with a phase and 4 generators 
are invariant. 



Appendix C. Explicit construction of u 

In section (3.2) we needed an element u G £V(Z) and an element g E E 7 ^(]R) such 
that g o u o g~ x is equal to A; 6 SU (8) in (|3.10| ). 

We will now give one explicit construction for such an element u G EV(Z). For the 
construction it is convenient to view the compactification as type-II on T 6 . Let us set all 
the RR-fluxes to zero. The moduli space is, 

(50(6, 6, Z)\S0(6, 6, M)/(50(6) x 50(6))) ® (SL(2, Z)\SL(2, M)/S0(2)) . 

The first factor corresponds to the metric and NS-NS 2-form fluxes on T 6 while the second 
part corresponds to the parameter, 

iV ~ 
28 



where C is the NS-NS 6- form flux (dual of the NS-NS 2-form) on T 6 . V is the overall 
volume of T 6 and A s is the string coupling constant. We will denote the SO (2) C SL(2, IR) 
by U(l) x . The subgroup of the U-duality group that preserves the condition that the RR- 
fluxes are zero is, 

SL(2,Z) x 50(6, 6, Z). 

At special points in the moduli space, a finite subgroup of the T-duality group £0(6, 6, Z) 
becomes a symmetry. The finite subgroup can then be identified with a discrete subgroup 
of a cover of £0(6) x £0(6). This cover is ££7(4) x SU(4). A symmetry element which 
can be realized as a geometrical transformation of T 6 can be embedded in the diagonal 
£0(6) . Similarly, at special points in the moduli space, a finite subgroup of the S-duality 
group SL(2, Z) becomes a symmetry. It can then be identified with a discrete subgroup of 
U(l) x . Now we can embed SU(4) x ££7(4) x £7(l) x inside ££7(8) which we have used to 
write down ( |3.10|) . Under this embedding, 

8 = 4+ + 4_. 

Now let us take a special T 6 of the form T 2 a x T 2 b x T 2 C . To make the discussion clearer, 
we have added subscripts to the T 2, s. Let us denote the complex structure of each T 2 by 
r (with an appropriate subscript) and the combination ^- + iA by p. Here B is the NS-NS 
2-form and A is the area. Type-II on T 2 has a moduli space of, 

(£L(2,Z)\£L(2,lR)/£7(l) p ) x (£L(2, Z)\£L(2, IR)/£7(1) T ) 

corresponding to the pair (p, r) . If we write the moduli space in the form, 

£0(2,2,Z)\£0(2,2,H)/(£0(2)i x £0(2) 2 ), 

then U(1) T is the diagonal combination of £0(2)i and SO (2) 2 while £7(1) p is the combina- 
tion with £0(2)2 inverted. As before, at special points in the moduli space we can identify 
the finite subgroup of the U-duality group which preserves the point and the structure 
T 2 C x T 2 b x T 2 C with a discrete subgroup of, 

U(l) Pa x U(l) Ta x U(l) Pb x U(l) Tb x U(l) Pc x U(l) Tc x U(l) x C SU(8). (C.l) 

The representation 8 decomposes as, 

(+ + + + + + +) © (+ H +)©(- - + H +)©( + + +)© 

(+- + -H )e(H + - + -)©(- + h + -)e(- + - + H ) 
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Now we take T 2 a to have r a = p a = e 3 * and T 2 b and T 2 C to have, 

n = T c = Pb = Pc = i- 

We also take, 



2-Ki 
3 



X = e 

The U-duality element u is a combination of, 

11 11 

n — > — , p& — >■ , t c — >■ — , p c — > , 

Tb Pb Tc Pc 

r a — >• -1 , p a -> -1 , 

T"a Pa 

and we top it with an S-duality transformation, 

X 

This corresponds to the following elements in (|C.1|) : 

— 77^ —iri 7ri ttz 7vi 7ri —iri 

(e 3 ,e 3 ,e 4 ,e 4 ,e 4 ,e 4 ,e 3 ). 



(C.3) 



Note that since all of these transformations can be U-conjugated to rotations of a T 2 and 
since the U(l) charges are measured with respect to the fermions, the phases are half the 
rotation angle. (The overall (— ) F is a symmetry of M-theory.) Using ( |(J.2| ) we calculate 
the eigenvalues of k in 8 of SU (8) to be, 

, 7v i ivi izi Tri Tvi Tvi . 

(l,l,e 3 ,e 3 ,e 3 ,e 3 ,e 3 ,e 3 ). 

C.l. The invariant charge 

We can now calculate the invariant charge corresponding to the g-BPS particle (see 
appendix B). The respresentation of the charges is the 56 of EV(Z). Under, 

50(6,6,Z) x 5L(2,Z), 

it decomposes as, 

56 =(12, 2) + (32,1), 

(see §). Under 50(2, 2) a x 50(2, 2) b x 50(2, 2) c x 5L(2) X it decomposes as, 

56 =(4, 1, 1, 2) + (1, 4, 1, 2) + (1, 1, 4, 2) + 

(2, 2, 2, 1) + (2, 2', 2', 1) + (2', 2, 2', 1) + (2', 2', 2, 1) 
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Under U(l) Pa x U(l) Ta of flCOD , 4, 2 and 2' of SO(2,2) a decompose as, 

4 =(+1, +1) © (+1, -1) © (-1, +1) © (-1, -1), 
2 =(+1,0) ©(-1,0), (C.5) 
2' =(0, +1)0(0,-1), 

(If we replace type-IIA with type-IIB, we have to replace p a with r a .) We see that two 
vectors out of, (4, 1, 1, 2), are invariant under u. The corresponding BPS states are com- 
binations of strings wrapped on T 2 a and KK states along the sides of T 2 a together with 
their duals which are NS5-branes and KK monopoles. 



Appendix D. The SU(2, 1)/{SU{2) x U(l)) moduli space 

We have seen that the target-space with the metric, 

1 dA 2 1 

ds2 = ~~aTJ + 2^da x da 2 + (e 2 A 2 + § 2 )do 2 2 ) + 4-— + -^c^ 2 , (D.l) 

is equivalent to the space SU (2, 1) / (SU (2) x U(l)) and the latter can be described in terms 
two complex coordinates (z±, z 2 ), with the action of an SU(2, 1) matrix, 

911 9l2 913 
?) = I 921 922 923 

, 931 932 933 

given by, 

' #11^1 + #12^2 + gi3 921Z1 + #22^2 + #23 



g : (zi, Z2) 

\93lZl + 932Z2 + 933 ' 93\Z\ + #32^2 + 933 

The purpose of this appendix is to describe the precise mapping. 
D.l. Killing vectors 

The metric ( |D.1| ) possesses a group of isometries which can be described by the fol- 
lowing infinitesimal transformation laws, 

6<ri = ei{h 2 V2 ~ + e 2 {^ 4 + 2e 2 A 2 $ 2 + 2e 4 A 4 - 2a\ + \&o\ - \a\} 
Z Z o 4 o 

- 2e 3 ai - e 4 {$ 3 + 2e 2 A 2 $ + 2a 1 a 2 } - e 5 a 2 + e 6 {^ 2 - + e 8 , 

1 3 

Sa 2 = -ei{2<7i + 3$ct 2 } - e 2 {-$ 3 + 2e 2 A 2 $ + 2a x a 2 + -$o|} 

r 3 ^2 „ 2,2 1 2, ^ (D-2) 

-e 3 a 2 + e 4 {-$ 2 + 2e 2 A 2 --c7 2 i }-e 6 $ + e 7 

5$ = ei{2e 2 A 2 - \<$> 2 + \a 2 2 } + t 2 {2e 2 K 2 a 2 - \§ 2 a 2 - 2<5>o l + -erf} 

- e 3 $ + e 4 {2ai - $a 2 } + e 5 + e 6 cr 2 , 

5A = -ei$A - e 2 {2A<7i + $Acr 2 } - e 3 A - e 4 Acr 2 . 
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Here e±, . . . , eg are arbitrary. 
Writing, 

8 

i 

we can calculate the commutation relations, 



[Si,S 2 ) = 0, 


[Si, 83] = -81, 


[81,84] = 


28 2 , [81,85] = 83, 




[8i, 8 6 ] = 84, 


[81, 87] = 38 6 , 


[81,6s] = 


-28 7 , [8 2 , 83] = -28 2 , 


(D.3) 


[62,64] = 0, 


[82, 85] = -84, 


[82,8 6 ] = 


0, [82,87] = 8 U 


[82, 8 S ] = 28 3 , 


[83, 84] = 84, 


[83,8,] = 


-85, [83, 8q] = 0, 




[83, 87] = -87, 


[83, 8s] = -28s, 


[84, 85] 


= -38$, [84, 8 G ] = -81, 




[84,87] = 83, 


[84, 8s] = 285, 


[85, 8&] 


= 87, [85,87] = -8 8 , 


(D.4) 


[S 5 ,8 8 ] = 0, 


[86,87] = 85, 


[8&, 8 8 ] 


= 0, [87,8s] = 0, 




These generators form the Lie algebra of 577(2, 1) 


. We can represent the algebra 


as the 



set of 3 x 3 matrices A which satisfy, 

A* J = -J A, 

where, 

J = 

The generators can be represented as, 

62 = 






f 








H 


-¥ 










v 


i 















83 = 


(? 















1 




/0 2i 







85 = 







— i 




\0 









-2 







87= I 


































:) 


2 L 















1 

2 





9 





-1 




i 
3 





' 





2i 
3 











i 

3 - 



(D.5) 



8« = 



Ai 
I 




(D.6) 
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D. 2. Integrated forms 

We will now write down some group element actions of the form e t5i . It is easy to see 



that, 

e** 8 (<7i,<7 2 ,$,A) = (<7i + *,<7 2 ,$,A), 

e t57 ((7i,a 2 ,$,A) = (ai,(T2 + t,$,A), 

e* 55 ((7l,(72,$,A) = ((71 -t(T 2 ,a 2 ,$ + t,A), 

e t<53 ((7i, (7 2 , $, A) = (e" 2 Vi, e"V 2 , e"*$, e"*A). 
It is also easy to integrate, 



(D.7) 



3 t<5 6(7i = (7i + i($ 2 - al)sm2t + -$<t 2 (1 - cos2t), 



2 

e t5e a 2 = (7 2 cost - $sint, 
e t5 e$ = $cost + cr 2 sint, 
e t5e A = A. 



Now let us check the flow generated by Si — |C 2 ^5. 



(D.8) 



da i lo l„o 

HT = 2* " 2 " 2°* + 2° ' 



(D.9) 



(i(72 

— = -2ai - 3$(7 2 , 
dt 

^ = 2e 2 A 2 -i$ 2 + -(7 2 2 --C 2 , 
dt 2 2 2 2 ' 

— = -$A. 
dt 

Let us solve it for ai = a 2 = 0. We then define W = $ + 2zeA. The equations are, 

dt 2 2 

Thus, 

W -C tan ±Ct 

W = — 

1 + ^ tan ±Ct ' 

For Ct = tv this becomes the transformation Wo - ► — C 2 /Wo which we will interpret as a 
strong/weak duality. For C = 1 The matrix representation gives, 



e 7r((5i-i55) 
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D. 3. Equations for the change of variables 

We can now write down the equations for the change of variables from the {a\ , cr 2 , A) 
variables to (zi, z 2 ). To do this we will use a combination of S3 and S5, S7, Ss to move from 
one point on the manifold to another, 

e tS3 e bS5 e aiS8+a2S7 (a 1 ,a 2 ,3>,A) = (e" 2 Vi -6e _ V 2 + ai, e~V 2 + a 2 , e~*$+&, e _t A). (D.10) 

We now take, 

, A 

* = logy, 
A 

b = $ - 

A ( D - n ) 

a 2 = (7 2 — ~ 0"2, 

A 

^ A 2 A, 
ai = (7i - — (Ti + — oa 2 . 
A 2 A 

The rescaling transformation e i(5;3 also makes it obvious that the classical regime A — > 00 
is given by 

Re — |z 2 | 2 — > 00. 

Note that neither of S$, S7, Sg change the value of Re z\ — |-2 2 | 2 , as it should be. 



Appendix E. On the structure of V for r = 2i 

We have defined V C SU{2, 1) as the subgroup generated by, 





2 






92= (0 


1 


i 


f 3 = 


\o 











(E.l) 



and, 



S = 




In this appendix we will prove that, for the special case of r = 2i, adding S does not 
cause any unwanted identifications in the classical region. I do not know how to generalize 
the proof to other r's. Perhaps, embedding V in E 8 (Z) as the subgroup that preserves 
u would be a good tactic. Translated to matrices, this statement means that there is no 
element g E T — T c i such that the vector, 




is an eigen-vector of g. 
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E.l. The boundary of SU (2,1)/ (SU (2) x U(l)) 

To understand T, it is helpful to analyze its action on the boundary of SU (2, 1) / (SU (2) x 
£7(1)). This boundary is given by Re z\ = \z 2 \^ (equation (f4.5|)). Adding a point at infinity, 
the boundary is easily seen to be S 3 (this is easier to see in a diagonal metric of signature 



The classical region is given by Re z\ 3> \z 2 ^ but it is easy to see that this is just 
the point at infinity that was added. Thus, in order to prove that F does not make extra 
identifications in the classical region, we need to analyze the action of F on the boundary. 

E.2. The structure ofF 

We set t = 2i and find, 



We have the rule, 

g(k±, h, mi)g(k 2 , h, m 2 ) = g(h + k 2 , h + h, mi + m 2 + k 2 h). 

A generic term in F is of one of the three forms, 

/ii = Sg(k u h, m 1 )Sg(k 2 , l 2 , m 2 )Sg(k 3 , / 3 , m 3 ) • ■ ■ Sg(k r , l r , m r ), 
h 2 = g(ki, h, mi)Sg(k 2 , l 2 , m 2 )Sg(k 3 , / 3 , m 3 ) ■ ■ ■ Sg(k r , l r , m r ), 



We can also require that no g(0, ±1, 0) ever appear between two 5"s because we could then 
reduce the number of S"s (denoted by r) according to, 



(1,1,-1))- 




Now let us introduce, 




g(k ± , h, m 1 )Sg(k 2 , l 2 , m 2 )Sg(k 3 , l 3 , m 3 ) ■ ■ ■ Sg(k r , l r , m r )S. 
Sg(h, h, m 1 )Sg(k 2 , l 2 , m 2 )Sg(k 3 , / 3 , m 3 ) ■ ■ ■ Sg(k ri l r , m r )S. 



(E.2) 



^(±1, 0, 0)S = <7(=Fl, 0, 0)^(Tl, 0, 0). 



Now we need a lemma. 
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Lemma: 

Let g be given by, 

g = Sg(ki, h, m 1 )Sg(k 2 , l 2 , m 2 )Sg(k 3 , l s , m 3 ) • ■ ■ Sg(k r , l r , m r ), (E.3) 
Such that for all j, 

(kjjj.mj) ^ (±1,0,0), 

Let, 

x = [z\ = \z 2 \ 2 + iw, z 2 ), z 2 e C, w G IR, 
be a point on the boundary that satisfies 

0<|z 2 |<l, -^<w<^, (E.4) 
Let x' be the result of the action of g on x (which is still a point on the boundary), 

x' = gx = (\z' 2 \ 2 + iw', z 2 ). 

then < \z' 2 \ < 1 and \w'\ < ~. 
Proof: 

It is sufficient to check for, 

g = Sg(k,l,m). 

Let us denote, 

fi = k + 2il, ( = 4kl + 8m. 

From (14.71) we find, 



, At + z 2 

Z2 ~ \z 2 \ 2 + 2/2z 2 + \/j\ 2 + i(w + () 
w + ( + 21m {jiz 2 ) 



(E.5) 



w 



|^ 2 | 2 + 2//^ 2 + |^| 2 + + C)| 2 ' 



First, let us assume that \fj,\ > 2. 

||z 2 | 2 + 2^ 2 + |a/| 2 + ^(w + C)| > ||At| 2 + 2Re (jiz 2 ) + \z 2 \ 2 \ = \n + z 2 \ 2 . (E.6) 

Thus, 

4 < i r < rn — < L 

\Z 2 + /j\ \fJL\-\Z2\ 

36 



Also let us denote by, 

x = w + ( + 21m (fiz 2 ) 



Then, 



ry ry ry I 

W\ = — o = -, y — < — ^7 < E -7 

'\z 2 \ 2 + 2Re fiz 2 + \^\ 2 + ix\ 2 \z 2 + n\ 2 + \x\ 2 1 + \x\ 2 ~ 2 



since + A* I > 1- To complete the proof, we need to check the case \i = 0. In this case 
we know that \C\ > 8 and the same conclusion follows. 

Now we can prove that all the terms in (|fc].2| ) are different from unity. For this purpose 
we start with the point (z± = oo, z 2 ) such that z 2 is finite. This is the classical region of 
the moduli space. Acting either with S or Sg(k r ,l r ,m r ) will turn that point into (0,0). 



The next Sg(k, I, m) which will act on it, will bring it into the region ( E.4 ). The succesive 
Sg(ki, li, rrij) will not be able to take it out of ([E . 4j ) . If we have an extra final S (as in h 2 
and hs of ( |E.2|) ) it will not bring it to the point at infinity because \z 2 \ > 0. 
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